The mixed boundary-value problem arising in the study of scattering of two-dimensional time-harmonic surface-water waves by a discontinuity on the surface boundary conditions, separating the clean surface and an ice-covered surface, is solved completely in the case of an infinite depth of water. The main problem is reduced to that of solving a singular integral equation, of the Carleman type, over a semi-finite range and the explicit solution of the original problem is determined. Neat and computable expressions are derived for the two most important quantities, known as the reflection and transmission coefficients, occurring in such scattering problems and tables of numerical values of these quantities are presented for specific choices of a parameter modelling the ice cover. The absolute values of the reflection and transmission coefficients are presented graphically. The present method of solution of the boundary-value problem produces simple expressions for the principal unknowns of the problem at hand and thus provides an easily understandable alternative to the rather complicated Wiener-Hopf method used previously.
Introduction
Various important and interesting methods of handling mixed boundary-value problems, associated with Laplace's equation, arising in the study of scattering of surfacewater waves, have been developed and used by a large number of workers (see Ursell 1947; Stoker 1957; Peters 1950; Weitz & Keller 1950; Newman 1965; Evans 1985; Evans & Linton 1994; Gabov et al . 1989; Gol'dshtein & Marchenko 1989, and others) . The problems of scattering of two-dimensional surface-water waves, by a discontinuity in the surface boundary conditions, constitute a special class, and methods involving the powerful Wiener-Hopf technique have been used by Weitz & Keller (1950) , Gabov et al . (1989) and Gol'dshtein & Marchenko (1989) to solve such boundaryvalue problems.
In the present paper we have demonstrated the use of Fourier analysis (see Ursell 1947) , in a straightforward manner, to examine the problem of scattering of twodimensional surface-water waves by the edge of an ice cover. We have considered here the case of an infinite depth of water whose surface is half-covered by a thin sheet of ice, the other half being clean. Then, by following the model of Gol'dshtein & Marchenko (1989) and assuming that the ice sheet behaves like a thin elastic plate, the problem under consideration is reduced to that of determining the solution of the two-dimensional Laplace equation in a half-plane, on whose boundary two different boundary conditions are to be satisfied. One of these two conditions is the standard free-surface condition involving the unknown potential and its normal derivative, while the other condition (on the ice-covered boundary) involves the potential and its normal derivatives of both first and fifth orders (see Gol'dshtein & Marchenko 1989) . Other than these two boundary conditions on the free surface, the solution will have to satisfy specific types of conditions at infinity which are representative of surface waves, and also, for the purpose of uniqueness, special edge conditions must be satisfied by the solution at the turning point (the edge) on the surface separating the clean and the ice-covered parts. In § 2, we describe a brief formulation of the mathematical problem under consideration, and in § 3, the problem is reduced to a singular integral equation of the Carleman type (see Spence 1961) . The solution of this Carleman-type equation is then obtained in § 4 and the complete solution of the original problem is also determined. Tables of numerical values of the reflection and transmission coefficients, associated with the problem, are presented in § 5, after a brief explanation of the rather simple computational aspect of the work, and the absolute values of these important physical quantities are also presented graphically.
It is emphasized that the present method of solution, of the rather complicated boundary-value problem under consideration, is much easier to understand and implement than the more difficult ideas and calculations involved in the WienerHopf method, used for the same problem by Gol'dshtein & Marchenko (1989) .
Mathematical formulation
Using two-dimensional rectangular Cartesian coordinates (x, y), we assume that the region y > 0 is occupied by water of constant density and half of the surface (x > 0) is covered by a thin sheet of ice of a different constant density, whereas the other half of the surface (x < 0) is clean. A plane surface wave arrives from the clean side and is scattered by the edge x = 0, separating the clean and the ice-covered surface. The problem under consideration is to determine the complete scattered field and, in particular, the reflection and the transmission coefficients.
Following the symbols used by Gol'dshtein & Marchenko (1989) , the mathematical problem under consideration is that of the determination of the velocity potential Re{φ(x, y)e −it } (i 2 = −1), where φ, x, y, t are all dimensionless variables, satisfying the following equation and conditions
where R and T are unknown complex constants, called the reflection and transmission coefficients, respectively, the function e ix−y represents the incident wave term and the functions e −ix−y and e −λy+iλx represent the reflected and the transmitted wave terms, respectively, in which λ is the positive root of the equation in α, as given by
with the constant D (> 0) representing the ice-cover parameter. The exact expression for the parameter D, as used by Gol'dshtein & Marchenko (1989) , is given by
where E is the Young's modulus and ν the Poisson's ratio of the material of the isotropic and elastic ice sheet, ρ is the density of the water on which it floats, g is the acceleration due to gravity, h 0 is the very small thickness of the floating ice sheet of which a still smaller part is immersed in water, and λ represents 2π times the wavelength of the incident wave (the variables x and y have been made dimensionless with the help of λ). It must be emphasized that the above model for the floating ice sheet is meaningful only for very small values of the parameter D, which we have called here the ice-cover parameter.
The same model has also been used by Fox & Squire (1994) while studying the problem of oblique reflection and transmission of plane waves at shore fast sea ice, and, as has been mentioned there, the present model of a floating ice sheet is more appropriate to the physical situation than the ones used by Peters (1950) and Weitz & Keller (1950) , whose limitations have been pointed out by Evans (1985) .
Reduction to a singular integral equation
In this section, we shall reduce the mixed boundary-value problem as posed by the relations (2.1)-(2.8) into a singular integral equation, over a semi-infinite range, which is of the Carleman type. In order to arrive at such an integral equation in the course of the solution of our boundary-value problem, we shall use Havelock's expansion theorem (see Ursell 1947) , which can be stated as follows.
Theorem 3.1 (Havelock's expansion theorem). If
where f (t) and its derivatives are continuous and integrable in the range (0, ∞).
We shall also require the following 'generalized' identities,
where ξ, u > 0 and δ(x) represents the well-known Dirac delta function. We start by setting φ = ∂ 2 ψ/∂x 2 and assuming the following two important representations of the function ψ in the two regions (x < 0, y > 0) and (x > 0, y > 0)
and
where R, T , A 1 and A 2 are four unknown constants, A(ξ) and B(ξ) are two unknown functions to be determined, and λ is the only positive root of equation (2.9), whose other roots are complex conjugate pairs (λ 1 ,λ 1 ) and (λ 2 ,λ 2 ), with Re(λ 1 ) > 0, Im(λ 1 ) > 0, Re(λ 2 ) < 0 and Im(λ 2 ) > 0 (where bars denote complex conjugates). We observe that the above forms (3.2) and (3.4) of the function ψ automatically satisfy the partial differential equation (2.1) and the boundary conditions (2.2) and (2.3), as well as the infinity conditions (2.5) and (2.6), for an appropriate choice of the two functions A(ξ) and B(ξ), which will be determined in the sequel.
We now use the fact that ψ and ∂ψ/∂x must be continuous across the line x = 0, and obtain the following two relations, respectively:
If we assume, for the time being, that B(ξ) is known, then we can use Havelock's expansion theorem 3.1 and find that we must have, from relations (3.7) and (3.8),
Then relations (3.7) and (3.8) can be inverted to give the following two equations, respectively,
and (3.13) where the singular integrals occurring above and even in the later parts of our work are to be understood as their Cauchy principal values, in the usual manner. Eliminating A(ξ) between the above two relations (3.12) and (3.13), we easily derive the following integral equation
where
Equation (3.14) is the desired singular integral equation of the Carleman type, whose solution will determine B(ξ). Then A(ξ) can be determined, by using either one of the relations (3.12) and (3.13).
The most important point that must be noted in equation (3.14) is that the forcing term, i.e. the inhomogeneous term, of this equation contains the unknown constants T , A 1 and A 2 . However, we shall go ahead solving equation (3.14) as though the constants T , A 1 and A 2 are known. All the four unknown constants R, T , A 1 and A 2 will be finally determined by using the two relations (3.9) and (3.10), as well as two more relations, obtainable from the edge conditions (2.7) and (2.8), along with the representation (3.4) of the function ψ, which are given by
In the next section we shall determine the complete solution of the problem.
The complete solution
The singular integral equation (3.14) can be solved easily, by converting it into a Riemann-Hilbert problem (see Muskhelishvili 1953; Gakhov 1966) and, for that purpose, we set
The consistency of equation (3.14) demands that
we have that the sectionally analytic function Λ(ζ) is O(1/ζ)
as |ζ| → ∞, in the complex ζ-plane, cut along the positive real axis.
Then, by using Plemelj's formulae
with Λ ± (ξ) denoting the limiting values of Λ(ζ) as ζ → ξ ± i0, equation (3.14) gets converted into the problem of solving the functional relation
for ξ > 0, which represents a Riemann-Hilbert problem for the determination of the function Λ(ζ). The solution of the problem (4.3) can be written using standard techniques, and we find that
which is a solution of the homogeneous problem
(see Varley & Walker 1989) . The solution λ(ξ) of the integral equation (3.14) can now be determined, using Plemelj's formulae once again, in the form
which produces B(ξ) by using the relation (3.15), and we find that
Thus the complete solution of the problem at hand can be determined once the unknown constants T , A 1 and A 2 (also R) are fully determined, and for that purpose, we shall now use conditions (3.9), (3.10), (3.17) and (3.18), giving rise to four linear equations involving these unknown constants. We can easily solve these equations and find that
10)
The whole matter now reduces to the evaluation of the three functions R 0 (ξ), R 1 (ξ) and R 2 (ξ), as given by the relations (4.9). This job can be completed by using the following result
where Γ is a positively oriented (anticlockwise) closed contour, consisting of a loop around the positive real axis and a circle of large radius, in the complex τ -plane. A similar result also holds good if λ is replaced by λ 1 and −λ 1 .
It is to be noted that the contour integral in the above relation (4.15) can also be expressed as equal to 16) obtained by using the two limiting values Λ ± 0 (u) on the two approaches to the real axis, which satisfy the homogeneous relation (4.6).
Using the idea as explained above, we easily determine that
We shall now use the above values of R 0 , R 1 and R 2 in the relations (4.14). We first evaluate the contour integral
where L(ζ) and M (ζ) are polynomial expressions in ζ, and Γ is the contour, same as the one used previously, in (4.15), and we find, after using relation (4.6), that 21) where the expression on the right-hand side represents a sum of all the residues of Λ 0 (L/M ) at the poles lying inside Γ . Using relation (4.21) to evaluate all integrals occurring in relations (4.14), we obtain the following results:
Thus all quantities are now expressed in terms of Λ 0 (i), Λ 0 (−i), Λ 0 (−iλ), Λ 0 (−iλ 1 ) and Λ 0 (iλ 1 ) and other simple combinations of λ, λ 1 andλ 1 , so that the principal unknowns of the original problem, i.e. the functions A(ξ), B(ξ) and the constants A 1 , A 2 , R and T , can be determined easily, where Λ 0 (ζ) is given by expression (4.5).
It is interesting to observe that in the limit, when D → 0, we deduce from the above results that R → 0 and T → 1, which was reported earlier by Gol'dshtein & Marchenko (1989) , showing that the ice cover does not affect the incident wave in this limiting case, even though it is rather hard to prove this important conclusion from the various results obtained by Gol'dshtein & Marchenko, compared with the ones obtained in the present paper.
Numerical values of R and T
We select different values of the constant D and determine first the roots λ, λ 1 ,λ 1 , λ 2 andλ 2 of the polynomial equation (2.9), with λ > 0, Re(λ 1 ) > 0, Im(λ 1 ) > 0, Re(λ 2 ) < 0 and Im(λ 2 ) > 0.
We shall require the following relation connecting C(ξ) and the roots λ, λ 1 ,λ 1 , λ 2 andλ 2 , which is easily established using expression (3.16) for C(ξ):
Then, for a particular choice of D, we evaluate the various constants appearing in relations (4.22), after evaluating the expressions Λ 0 (−iλ), Λ(−iλ 1 ), Λ 0 (iλ 1 ), Λ 0 (i) and Λ 0 (−i) by utilizing expression (4.5), along with relation (5.1).
Finally, the quantities R and T are determined using relations (4.12) and (4.13) for each of the above choices of the constant D.
The numerical values of the roots λ and λ 1 of the polynomial equation (2.9) clearly show that as D becomes smaller and smaller, λ becomes closer to unity and Re(λ 1 ) becomes larger and larger than unity, confirming the validity of the expected nature of the solution, as D → 0. The numerical results of |R| and |T | are found to be less than unity, as expected. In table 1 we present the values of R and T , and in figure 1 the graphs of |R| and |T |, for values of D < 0.5.
Conclusions
The problem of scattering of plane waves, incident from the clean side of the surface, by the edge of an ice cover, lying on the other side, has been solved completely. The method presented here can be easily adjusted to handle the two other similar problems considered by Gol'dshtein & Marchenko (1989) . One of these different boundaryvalue problems is similar to the one described by equations (2.1)-(2.8), except that the infinity conditions (2.5) and (2.6) are replaced by the conditions (2.5*) and (2.6*), where R 1 and T 1 are the new reflection and transmission coefficients which are related to the problem of scattering of the plane wave e −λ (ix+y) , which arrives at the edge of the ice cover, from the fluid beneath the ice (x > 0).
The second problem that can also be handled by our method is that of the determination of the fluid motion in an infinite depth of fluid whose surface is half-covered by a thin ice sheet, and where, on the edge of the ice sheet, there act known timeperiodic concentrated forces and moments. The corresponding mathematical problem is again similar to the one described by the equations and conditions (2.1)-(2.8), except that conditions (2.5), (2.6), (2.7) and (2.8) are to be replaced by the following new conditions: where M 2 and F 2 are known constants.
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